A prescription for finding the densities of circular membranes which are isospectral to a uniform circular membrane is extended to cover isospectrality to any circular membrane density, thereby also revealing the underlying grouptheoretical structure which is further elucidated. Membranes isospectral to radial-density membranes no longer possess the radial symmetry, and some examples are discussed. 
Introduction
In a previous paper [1] , the author used a particular conformal map to find the densities of inhomogeneous circular membranes which were isospectral to a homogeneous circular membrane. In this paper, the method is extended to enable one to construct densities for circular membranes which are isospectral to any given circular membrane density, for fixed (Dirichlet) and free (Neumann) boundary conditions. The formalism is also embedded in a group-theoretical structure, which illuminates further features. Examples of non-radially-symmetric densities for membranes isospectral to radial-density membranes are discussed.
As well as providing interesting classes of complicated density functions for circular membranes whose spectra are obtainable from simpler cases, this work provides further information for inverse problems in two dimensions by exemplifying density non-uniqueness for a given spectrum for a fixed shape.
The partial differential equation for the small transverse vibrations u(x,y) of a membrane having density σ(x,y), unit tension, and characteristic angular frequencies ω is 
Transformations
Let z j = x j +iy j (j=1,2) be a pair of complex variables in two coordinate systems, related by
where f 1 (z) is a one-to-one analytic function of z. 
This is the eigenvalue equation for a vibrating membrane with density ( ) 5) which is isospectral with the membrane with density σ 1 (x 1 , y 1 ).
With a view to obtaining isospectral circular membranes, it is now recalled that the only one-to-one analytic mappings of a circular disc of radius C onto itself (up to simple rotations in the complex planes) is given by [2]
Moreover, as mentioned after (2.2) above, such a transformation does preserve the Dirichlet and Neumann boundary conditions on the rims since |z 1 | = C maps onto |z 2 | = C. Specifically,
For any circular membrane density σ 1 (x 1, y 1 ), there is therefore a family of isospectral circular membranes with the same boundary condition (Dirichlet or Neumann) with densities given from (2.5) with (2.6) and (2.7) by
(For a given a 1 , replacement by -a 1 corresponds to changing the sign of x-coordinates, i.e. "flipping" the discs about the y-axis; but all other a 1 values yield physically distinct membranes.) The corresponding characteristic functions are given by u 2 (x 2 ,y 2 ) as in (2.3) with (2.7).
Group-theoretical structure
The presentation may be cast in the formalism of a Lie transformation group development, along the lines of [3] (which dealt with the one-dimensional problem of isospectral strings), to bring out the mathematical structure more clearly.
First of all, the identity transformation z 1 = z 2 obviously corresponds to parameter a = 0. The inverse of the transformation (2.6) is given by
i.e. of the same form as (2.6). Thus, corresponding to a coordinate transformation with parameter a, the inverse transformation has parameter given by
(This is unrelated to the observation above that a transformation from z 1 to z 2 with parameter -a yields a membrane density physically equivalent (via change of xcoordinate signs) to a transformation still from z 1 to z 2 with parameter +a.) As a matter of fact [2] , for conformal transformations of complex variables, the derivative of a transformation is the reciprocal of the derivative of the inverse transformation. With reference to (2.4) and (2.5), this shows that not only are all eigenfrequencies for σ 1 eigenfrequencies for σ 2 , but also all eigenfrequencies for σ 2 are eigenfrequencies for σ 1 , so there truly is complete isospectrality.
Next, consider successive transformations corresponding to (2.6), (2.7) with, further,
with x 3 and y 3 corresponding to z 3 . Then it can be shown that 
Since the chain rule holds for conformal maps [2] , this may be written as ( )
again confirming closure in general for the successive density functions. Specifically for our maps of the form (3.1),
(which leads via (2.5) to (2.8)). Then the equalities inherent in equations (3.6), (3.7), or even (3.6), (2.8), may be verified using the identity
Associativity for the parameters may be verified:
a a a a a a a a 1 a a a a a a
(For the transformations, associativity is guaranteed by the nature of coordinate transformations.) Together with the continuity of the parameters a j and the differentiabilty of the expression (3.5), the above paragraphs verify the Lie group structure. Equation (3.5) implies that a 1,2 = a 2,1 : this one-parameter group is, of course, Abelian. The corresponding additive group parameter may be found as in [4, p.294 ], but is here more easily deduced and verified from the form of (3.5) by comparing with the standard compound-argument formula for tanh(α 1 + α 2 ) = [tanhα 1 + tanhα 2 ] / [1 + tanhα 1 tanhα 2 ] to be α = arctanh(a) .
(3.11)
An application of this is to confirm that, for (3.5), |a i |<1 implies |a 1,2 |<1 as required.
In [3] , the author found the infinitesimal generator for coordinate transformations (of a very different kind) for isospectral strings. The infinitesimal generator for transformations (2.8) of the densities in the present paper, corresponding to infinitesimal parameter δa, is defined by σ 2 (x,y) = [1+iδaQ σ ]σ 1 (x,y) + O(δa) 2 , and is found to be
Self-isospectral densities and their non-physicality
It is interesting to know whether there are any density functions which, under a nontrivial transformation of the above type, actually remain unchanged. The action of the generator (3.12) on such an invariant density g(x,y) would yield zero: Q σ g = 0 , i.e. one has to solve the partial differential equation (p.d.e.) for this two-dimensional problem (as against the ordinary differential equation in [3] for the one-dimensional problem there): 
for arbitrary function Γ, is the general solution to (4.1), yielding the invariant densities.
It may be noted that This may be verified after using (2.7) to first show that
It may readily be checked that the general expression (4.5) does indeed satisfy the p.d.e. (4.1). In fact, it is even more readily checked that 1/y 2 (i.e. for Γ=1) satisfies it. More directly, σ 1 = σ 0 C 2 /y 1 2 is an invariant (but unphysical) density: the corresponding σ 2 = σ 0 C 2 /y 2 2 may be confirmed by inspection using (2.8) with (2.7b). In general, if σ 1 (x 1 ,y 1 ) = (1/y 1 2 ) Γ(Ξ(x 1 ,y 1 )) , then the invariance of this density, i.e. σ 2 (x 2 ,y 2 ) = σ 1 (x 2 ,y 2 ), may be confirmed directly by use of (2.8) with (4.7) and (2.7).
It is now demonstrated that all such invariant densities are unphysical. Consider points within or on the circle which approach the boundary points (x = ±C, y = 0) along the circular arcs x 2 + y 2 = C 2 -αCy , for α≥0, y>0 and α≤0, y<0. Then along these arcs, g(x,y) = (1/y 2 ) Γ(α). For physical membrane densities, this must remain finite as y → 0, so Γ(α) = 0, all α, (4.9) i.e. Γ is the zero function. Thus there are no physical self-isospectral (invariant) circular membranes in this scheme.
Examples
(i) Constant Density. The case of circular membranes isospectral with a uniform membrane, i.e. having the standard vibration spectrum with eigenfrequencies given by the zeros of ordinary integer-order Bessel functions of the first kind for fixed rim, or zeros of the derivatives of the Bessel functions for free boundary, was first presented in [1] , for unit radius.
The membranes given by
with (2.7c) for general radius C, and σ 0 = constant, are isospectral with the uniform circular membrane of radius C, density σ 0 . They are not only inhomogeneous but are evidently non-radial in density.
(ii) Density a Function of Radius. The case of membranes isospectral to radial-density membranes is of interest since inhomogeneous membranes with purely radial density functions are most commonly investigated (semi-)analytically or numerically (e.g. [6] - [11] ). The membranes isospectral to these in the scheme of this paper will no longer have purely radial densities, essentially because of the forms of (2.7). Indeed, it follows from the cancelled form of (4.8), viz.
together with (2.7c) in the form which shows the non-radial nature explicitly. The isospectral densities are consequently angle-dependent and of the form σ 2 (r 2 ; x 2 ). In [12] it was shown that circular membranes with positive power radial densities of the form 5) all have the radial part of their spectrum the same as for the homogeneous circular membrane (for the same radius C) with constant density σ 0 , for Dirichlet and Neumann boundary conditions. Then the corresponding non-radial-density isospectral circular membranes constructed as in the present paper are completely isospectral to the radialdensity membranes with (5.5), separately for each p, but they all have the same radial spectrum as a uniform circular membrane of the same radius with constant density σ 0 . Perhaps the simplest explicit example has p = 2, i.e. 
as being completely isospectral with (5.6) (and radially isospectral with σ 0 ).
Discussion
Compared with the one-dimensional case, not a lot of work has been done on inverse problems for two-dimensional continuous systems. (See e.g. [13] for a recent review. [14] is another earlier paper. [15] is a current related contribution in a more formal setting.) A consideration of which and how many spectral data should be considered for a possible unique reconstruction of the density function of a membrane (of a given shape) would be informed by the classes of isospectral membranes know to have identical spectra for certain boundary conditions but different densities. The cases in this paper, of circular nonuniform membranes, with Dirichlet and Neumann boundary conditions, may yield some guidelines in this respect. For example, more than merely radial spectra of circles are required. One, or even both, complete Dirichlet or Neumann spectra are not even sufficient, at least for circular membranes.
This paper therefore leaves open the question as to whether some other additional spectra would be sufficient for a unique reconstruction procedure for a general membrane, and if so, what the other boundary conditions might be.
